Abstract. An approach to broadband cloaking of light waves is analysed for a simplified case of a scaling transformation for a general cylindrical coordinate system. The proposed approach requires metamaterials with specifically engineered dispersion. The restriction on the signs of gradients in the dispersion dependencies of the dielectric permittivity and the magnetic permeability for different operational wavelengths is revealed and is shown to cause difficulties unless additional gain-assisted compensation for losses or electromagnetically induced transparency is introduced in the cloaking system.
Introduction: cloaking devices, invisible metamaterials and transformation optics (TO)
Recently, enormous efforts have been devoted to developing principles, designs and numerical validation schemes for cloaking devices for various physical fields 4 . As a result, cloaking applications range from a broad family of electromagnetic devices across the entire electromagnetic spectrum [1] - [31] to elastodynamics [32] , quantum mechanics [33] and acoustics [10, 13] [34]- [36] .
During the last two years, electromagnetic cloaking with the TO approach has evolved into one of the hottest topics in metamaterial electromagnetics, with the latest research shown in [19] - [27] , [29] - [31] , [33] - [35] , [37] - [50] .
Inspired by Kerker [51] , a separate stream of invisibility research abounds with studies of electromagnetics in isotropic bi-layer or multilayer sub-wavelength inclusions of ellipsoidal (spheroidal or spherical) shapes in dielectric host media [8, 52, 53] . On top of general invisibility studies in the proposed composites, special attention has been given to achieving broadband transparency by using multiphase spherical inclusions with appropriate layered geometries and materials [54] . These studies are also instrumental for estimating local fields and effective optical properties of heterogeneous media with binary or multi-phase inclusions [55] .
There are several early papers relating electromagnetic fields and effective space-time geometries (see, for example the early work by Tamm [56] - [58] ). The basics of TO are built on the fundamental results reached by Dolin [59] , Post [60] and Lax-Nelson [61] . In his work, Dolin not only showed that Maxwell's equations appear to be form-invariant under a space-deforming transformation, but also demonstrated deeper physical insight. Thus, he obtained the following formulae for the radially anisotropic permeability and permittivity of a spherical material inhomogeneity,
corresponding to a spatial transformation from the spherical coordinates r , , ϕ to the coordinates R(r ), , ϕ. Then he noted that a plane wave incident from infinity on an inhomogeneity with parameters (1.1) passes through the inhomogeneity without distortions. Unfortunately, the works of Dolin, Post and even of Lax-Nelson have been forgotten, and later seminal and much more insightful works of Pendry and his co-workers literally reestablished the field of TO. Their TO studies were built on work by Chew-Weedon [62] , Ward-Pendry [63, 64] , followed in parallel by Milton et al [32] and Leonhard-Philbin [65] .
Although most theoretical work on TO deals with hypothetically dispersionless media, the issue of operational bandwidth is certainly of both theoretical value and practical interest for any transformation-based functionality. This paper is focused on the broadband operation of cloaking devices, for which the very first approach has been done by Alu-Engheta [54] for small (sub-wavelength) objects. In this paper, an alternative method 3 is described for broadband cloaking systems made of binary or multiphase metamaterials, where different optical paths are arranged for different wavelengths inside the macroscopic cloaking structures. For such systems, we establish an important connection between different frequencies, namely that the cloaking design requirements could be satisfied through appropriate dispersion engineering of optical metamaterials. Finally, we discuss some aspects of the practical realization of realistic dispersion laws. Additionally, the fundamentals of TO for scaling transforms in general orthogonal cylindrical coordinates are shown.
Cloaking using scaling transformations
The central concept of an electromagnetic cloak is to create a shell-like structure, whose permittivity and permeability distributions allow the incident waves to be directed around the inner region and recovered afterwards. Among all the possible geometries including spherical, square and elliptical varieties, cloaking in a cylindrical system is perhaps the most mathematically straightforward, and is used as an example in this paper. An all-purpose approach to TO for cases beyond general orthogonal cylindrical coordinates can be treated through the fundamentals shown in the appendix.
Scaling transformations in general orthogonal cylindrical coordinates
A class of a general orthogonal cylindrical coordinate system (OCCS) can be arranged by translating an x-y-plane map (x = x(ν,τ ), y = y(ν,τ )) perpendicular to itself; the resulting physical coordinate system forms families of concentric cylindrical surfaces. Since the unit vectors are orthogonal,êν ×êτ =êz,êτ ×êz =êν andêz ×êν =êτ , the complexity of TO problems in transverse electric (TE) or transverse magnetic (TM) formulations can be significantly reduced.
First consider the initial OCCS, where a 2D radius-vector is defined by a parametric vector-functionr(ν,τ ), and a 2D vectorũ is defined asũ =ũνêν +ũτêτ . The Jacobian matrix is the diagonal matrix,s = diag(sν, sτ ), with the metric coefficients sν = √r (ν) ·r (ν) and sτ = √r (τ ) ·r (τ ) . Then, the following scalar wave equation is straightforwardly obtained from the Maxwell curl equations in an orthogonal cylindrical basis for a general anisotropic medium. Thus, from
we arrive at
wheremν andmτ are the only components of a diagonal material property tensor, i.e. anisotropic permeability or anisotropic permittivity (for TM or TE polarization, respectively); the scalarṽ is the only component of the transverse field, i.e. the magnetic field, H =ê z H z (TM), or the electric field, E =ê z E z (TE). Similar to (2.2), yet another wave equation in a new physical OCCS, (ν, τ, z), can be written as
To mimic the behaviour of light waves obeying (2.1), a scaling transformation ν = ν(ν) (with τ =τ , z =z and ν = ν (ν) ) is introduced. Thus, to get closer to (2.1), equation (2.3) is reshaped as
It immediately follows that (2.4) is completely identical to (2.1), provided that the ratios in the square brackets are eliminated. Thus, the TO identities Thus, scaling transformations that expand the initially small domain onto a larger physical domain are pertinent to imaging or light concentration [66, 67] , while typical cloaking applications require scaling transforms that shrink the initially larger space to arrange for voids excluded from the initial domain and are therefore inaccessible for light. In both applications the initial virtual spaces share a common input with the rest of the transformed physical world. Examples of different scaling transformations are shown in figure 1.
In the circular cylindrical coordinates (ν = ρ, τ = φ) and s ρ = 1, s φ = ρ, (2.5) give 6) i.e. the required material space for an exact cloak, which is an imitation of a cylindrical freespace domain, is defined by the following inhomogeneous and anisotropic material properties (also see for example, [10, 59] ):
The material properties can be relaxed for some special modes. Specifically, for TM polarization with the magnetic field polarized along the z-axis, we multiply ε r and ε φ by µ z in (2.7) and obtain the following reduced set of non-magnetic cloak parameters:
Similarly, for the TE polarization, the required parameters for a general transformation are:
In (2.7)-(2.9),ρ should be replaced byρ =ρ(ρ) to obtain closed-form expressions.
Cloaking a finite bandwidth of light waves
Below, we consider the possibility of cloaking a finite bandwidth of electromagnetic waves using a single device. The proposed broadband cloak functions in a wavelength multiplexing manner. Since the anisotropic constituent materials of a cloak for one wavelength cannot be A schematic of the operational principle is illustrated in figure 2 . Since the wave components at different frequencies go through the system following different physical paths, the proposed system allows the cloaking parameters to be exactly fulfilled over a finite bandwidth without violating basic physical laws or giving rise to a superluminal group velocity. As a result, a 'colourful' (multi-frequency) stationary image appears transparent through the cloaking device. For a concise mathematical treatment, in this work we focus on the TE mode with material properties given in (2.9), which allows for flexible parameters at the outer boundary of ρ = b. We assume that at frequency ω 0 , the material properties required by a TE cloak are exactly satisfied based on the transformation ρ = ρ(ρ) within the range, a ρ b:
Dispersion is the fundamental limitation to the broadband performance of a cloaking system. In the following analysis, we use the first-order Taylor expansion of the dispersion function; that is, we assume that the cloaking materials exhibit a linear dispersion around the initial frequency ω 0 :
In (2.11) and (2.12) the two frequency derivatives µ (ω) ρ (ω 0 , ρ) = ∂µ ρ (ω, ρ)/∂ω| ω=ω 0 and ε (ω) z (ω 0 , ρ) = ∂ε z (ω, ρ)/∂ω| ω=ω 0 are continuous functions of ρ. Since there is no magnetic response along the φ-direction at ω 0 , it is reasonable to assume that µ φ (ω, ρ) = µ φ (ω 0 , ρ) = 1.
The initial formulation of the problem is then to find, at a frequency ω 1 = ω 0 + δω, a combination of the transformation ρ 1 = ρ 1 (ρ) along with yet another inner radius a 1 such that the function ρ 1 (ρ) maps [0, b] onto [a 1 , b] with a < a 1 < b, while satisfying the boundary conditions
along with the monotonicity condition
and the material transforms of the reduced TE cloak
The transformation ρ 1 (ρ) for ω 1 = ω 0 + δω is related to the original transformation at ω 0 and the dispersion functions in the following way:
within the range of a 1 ρ 1 b with the boundary conditions mentioned above.
Results and discussions
Apparently, (2.16) and (2.17) cannot be fulfilled for arbitrary gradients of dispersion functions µ z (ω 0 , ρ) should be engineered to make the cloaking effect possible at a given frequency ω 1 = ω 0 + δω in addition to cloaking at ω 0 ?
After some algebra, we can show that (2.13)-(2.17) require that
Thus, (3.1) indicates that the dispersion of the radial permeability µ ρ (ω, ρ) and the axial permittivity ε z (ω, ρ) must have opposite slopes as functions of the frequency. The bandwidth of a transformation-based cloaking device is determined by the frequency range over which the material properties in (2.7)-(2.9) are exactly satisfied. Unfortunately, the curved trajectory of light within the cloak implies a refractive index n of less than 1 in order to satisfy the minimal optical path requirement of the Fermat principle, but any metamaterial with n < 1 must be dispersive to fulfil causality and must work at only a single target wavelength. Because of this, it has been considered so far that broadband cloaks are intrinsically impossible.
Indeed, recent theoretical analyses indicate that the anisotropic cloaking parameters required by a first-order transformation can be precisely fulfilled only for a single frequency value [12] . Since the material parameters for a cloak cannot be exactly satisfied over a finite bandwidth, regardless of how narrow it is, in previous designs one had to sacrifice cloaking performance by introducing additional cross sections for quasi-broadband operation [68] .
In our approach, specifically engineered strong anomalous dispersion is required because (3.1) cannot be satisfied with normal dispersion, where ∂ε/∂ω > 0 and ∂µ/∂ω > 0. However, anomalous dispersion is normally associated with substantial loss. Therefore, a broadband electromagnetic cloak using our approach necessitates additional loss-compensation.
In summary, we conclude that since passive materials always exhibit normal dispersion with ∂ε/∂ω > 0 and ∂µ/∂ω > 0 away from the resonance bands, and because anomalous dispersion usually occurs only around the absorption bands, the proposed wavelength multiplexing cloak with broadband capability is only achievable when gain materials or electromagnetically induced transparency or chirality (see for example, [69, 70] ) are introduced to make low-loss anomalous dispersion possible. For instance, in an active medium where the optical gain is indicated by a negative imaginary part of permittivity over a finite bandwidth, the real part of permittivity around the active band will exhibit an anti-Lorentz line shape, as governed by the Kramers-Kronig relations. As a result, anomalous dispersion with relatively low loss occurs in the wings of the gain spectrum. Incorporating gain materials into plasmonics and metamaterials has been proposed and demonstrated for various applications, including near-field superlensing [71] , perfect tunnelling transmittance [72] , enhanced surface plasmons [73] and lossless negative-index materials [74] .
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Before we conclude, it is worth mentioning the possibility of a pseudo-broadband cloak based on the fast switching of the cloaking wavelength over the entire visible range. With a switching period shorter than the response time of a detector (such as an eye), such a system would cause the slower detector to observe a broadband cloaking phenomenon. One could mimic such broadband cloaking provided that there is amplification at the 'invisibility wavelength' whereas at all other wavelengths the signal is suppressed.
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Appendix A. Fundamentals of transformation optics

A.1. Vectors, tensors and the curl
Consider an initial material space defined by its radius-vectorr(x,ỹ,z) and an inhomogeneous distribution of an anisotropic material property (e.g. either anisotropic permittivity, ε, or anisotropic permeability, µ), given by a tensor,m =m(r). Suppose that we want to modify the initial distribution of coupled vector fields,ṽ =ṽ(r) andũ =ũ(r), using a tensor j. The transformation could be formally achieved by mapping the initial space, using a coordinate transformation (r = r(r), i.e. x = x(x,ỹ,z), y = y(x,ỹ,z), z = z(x,ỹ,z)) with a non-singular Jacobian matrix j, (|j| = 0), so that it is a one-to-one transformation in a neighbourhood of each point. The Jacobian matrix j is arranged from the columns of base vectors,
or its transposition can be arranged from the columns of gradients
ẑ denote a partial derivative and a gradient, respectively. The Jacobian determinant |j| is equal to the triple vector product [75] , r (x) r (y) r (z) . Vectorsṽ and v are made of scalar components, asṽ =ṽxx +ṽỹŷ +ṽzẑ and v = v xx + v yŷ + v zẑ , respectively.
Thus, a general invertible field-deforming transformation,
links the vectors of the initial vector-spaceṽ =ṽ(r) andũ =ũ(r) with the new vectors of a deformed vector-space v = v(r) and u = u(r) obtained at the corresponding points of the new material domain.
In the art of manipulating light at the nanoscale, we are always concerned with obtaining a material solution that can be prototyped in order to achieve a given transformation of the fields (A.3). This brings up the question, then, of how to modify the initial material properties, m =m(r), in order to obtain the required transformation of the vector fields as determined by (A.3). This question is the core problem in transformation optics.
First, we consider a formal connection between the expressions for gradients before and after the change of variables, x = x(x,ỹ,z), y = y(x,ỹ,z), z = z(x,ỹ,z). As follows [75] , we
which yields a general result that is completely analogous to (A.3)
The transformation identity for the curl can be straightforwardly derived first for pseudovectors p = u × v andp =ũ ×ṽ. The standard vector algebra [75] , gives
consequently connecting pseudo-vectors p andp through
A.2. Maxwell's curl equations
To get closer to Maxwell's curl equations, yet another product of the material tensor m and a vector u can be defined as (mu)
= ∇ × v, such that for time-independent material properties, (mu) (t) = mu (t) , this yields
The right side of (A.7) is identical to p = u × v, provided that vector u is replaced with ∇, following the result shown in (A.4) . The use of the same sets of vector components, i.e.
Then, the required transform for tensorsm and m is given by the following equation [60, 76] 
In summary, as depicted in figure A.1 the required spatial transformation of the vector fields performed by tensor j through (A.3) is treated as a spatial transformation r = r(x,ỹ,z), see figure A.1, with j being its Jacobian matrix, j = ( r (x) r (ỹ) r (z) ). For the divergence relationships in Maxwell's equations, the derivation begins with a scalar product of vector v and pseudo-vector p, which gives a scalar q (i.e. v · p = q). Then, using (A.6) the scalar products yieldsṽ ·p = (j T v) · (|j|j −1 p) = |j| v · p, and an equivalent divergence equation is obtained through substitution of v andṽ with ∇ and∇, i.e. ∇ ·p = |j| ∇ · p.
(A.10)
A.3. Invariance identities for Maxwell's equations
Equations (A.8) cast the Maxwell curl equations ∇ × E = −µH (t) and ∇ × H = εE (t) into a new set of similar equations,∇ ×Ẽ = −μH (t) and∇ ×H =εẼ (t) , where The above is also valid for other pseudo-vectors, e.g. the time derivatives of magnetic flux densities B (t) andB (t) , and displacement currents, D (t) andD (t) [61] . In a similar way, the divergence equations∇ ·D =q and ∇ · D = q link the charge densities through (A.10) as q = |j| −1q .
(A.14)
The above conversions solve a fundamental problem of designing a continuous material space for a required spatial transformation of electromagnetic vectors, and therefore, achieving a desired functionality. In other words, for the physical Poynting vector, S, to match the required transformation of the Poynting vector, S = |j| −1 jS, the material properties in the new space, r = r(r), should satisfy ε = |j| −1 jεj T and µ = |j| −1 jμj T .
